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Abstract—In this paper we study the connection between
graph filters, graph neural networks (GNNs) and manifold filters,
manifold neural networks (MNNs). Specifically, we consider the
case when we have access to a set of uniformly sampled points
from the manifold based on which we construct a relatively sparse
graph to approximate the manifold, which is a suitable model
for many real world applications. We prove a non-asymptotic
approximation error bound or convergence rate for the graph
filters and the GNNs on the relatively sparse graphs to the filters
and neural networks on the manifold that the graphs are sampled
from. An interesting trade-off between the convergence and the
discriminability of the graph filters can be observed from the
non-asymptotic error bound which indicates that graph filters
cannot give good convergence and discriminability at the same
time. While the nonlinearity function in GNNs can alleviate this
trade-off and allows the GNNs to both converge to the MNNs
and discriminate well. Equipped with this non-asymptotic error
bound, we further interpret the transferability property of GNNs
when the graphs are sampled from a common manifold. We verify
our conclusions with a point-cloud classification problem.

Index Terms—Graph neural networks, manifold convolution,
manifold neural networks, relatively sparse graphs, convergence
rate, transferability analysis

I. INTRODUCTION

Modern signal processing now has shown increasing interest
in data supported on geometric structures in non-Euclidean
domains. This is motivated by a large number of applications,
including but not limited to robot flocking []1]], [2]], molecular
representations [3], [4], 3D shape analysis [3]], [6] and wireless
resource allocation [7], [8]. Graphs and manifolds are most
commonly used to model the data structures in non-Euclidean
domains [9]. Convolutional filters and convolutional neural
networks, as the standard invariant and stable information
processing tools which also allow feature sharings [10], have
been established soundly on graphs as well as manifolds. Graph
convolutional filters [11], [[12], graph neural networks (GNN5s)
[13]-[15] together with manifold convolutional filters [16]], [[17]
and manifold neural networks (MNNSs) [18]], [19] are therefore
the prominent choices for non-Euclidean information processing
in discrete and continuous domains respectively.

The relationship between graphs and manifolds have been
studied which claims that graphs can be seen as discretizations
of the manifolds if the graphs have a well-defined limit [9],
[20]. Manifolds, as continuous latent spaces, are often accessed
by a set of discrete sampled points over the manifolds [6], [16],
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[19]. Based on these sampled points, a graph model can be
built involving the local and global geometric information to
give an approximation to the underlying manifold [19], [21]].
Recent works have proved that convolutional filters and neural
networks on the graphs sampled from the manifold converge
to the manifold filters and MNNs both experimentally [9]], [[19]]
and theoretically with an asymptotic convergence result [[19].

In this paper we focus on proposing a non-asymptotic
convergence result to measure the approximation error between
graph filters and GNNs on sampled graphs from the underlying
manifold to the manifold filters and MNNs. Especially, the
sampled graphs are constructed as random geometric graphs
[22] where only nodes that are close enough are connected
with edges, which makes the graph model more realistic. Plus,
finite-sample error bounds can help determine the design and
the number of sampled points needed of the sampled graphs
while satisfying a given approximation error tolerance. The
non-asymptotic approximation error bounds can also reveal
some phenomena in the convergence regime which cannot be
observed from the asymptotic counterparts, e.g. convergence
rates, convergence trade-offs and the transferability property.

To close the gap between GNNs and MNNs, we start with
the introductions of graph signal processing and GNNs along
with manifold signal processing and MNNs. We employ the
manifold convolutional filter defined as the integration of the
Laplace-Beltrami (LB) operator exponentials which has been
proved consistent with the graph convolutional filter and the
standard time convolutional filter [[17]. We then describe how to
build a relatively sparse graph based on the sampled points from
the underlying manifold and propose that the constructed graph
Laplacian can approximate the LB operator of the manifold in
both the operator and spectral aspects (Proposition [I] and [2)).
We present the approximation error bound (or the convergence
rate) of the graph filters on the constructed relatively sparse
graph to the manifold filters in Theorem [I] under certain
assumptions, from where we can observe a trade-off between
the convergence rate and the discriminability of the graph filter.
The approximation error bound is derived similarly for GNNs by
cascading graph filters with nonlinearities, which help alleviate
the trade-off and enable GNNs to both converge and discriminate
well. The transferability property for GNNs on different sampled
graphs from the same underlying manifold can also be analyzed
based on the non-asymptotic convergence result, which we also
verify empirically with numerical experiments.

GNNs have been comprehensively discussed in many works
[12]-[[14]. The convergence and transferability of GNNs have
been analyzed with the graphon model as the limit of a



sequence of graphs [23]-[26]. Our paper instead sees the limit
of large graphs as a manifold, which is more intuitive and
general compared with the graphon model. In [19], a two-way
connection between GNNs and MNNs are established, which
states that MNNs can recover GNNs by discretizing in space and
time domains, and GNNs converge to MNNs asymptotically
as the size of the graph increases. However, there lacks an
explicit convergence rate. In [27], a convergence rate is stated
for the GNNs when approximating MNNSs, but the conclusion
is restrained to input signals within a limited bandwidth. Plus
the graphs constructed in [[19]] and [27] still need to be dense
graphs. In our work, we lift the bandlimited assumption of the
input signals by importing a frequency dependent filter and we
put our focus on building a relatively sparse graph which is a
more practical model.

The rest of the paper is organized as follows. We start with
preliminary concepts of graph signal processing and manifold
signal processing in Section We construct the relatively
sparse graphs by sampled points from the manifold in Section
In Section we present the approximation error bounds
of graph filters and GNNs on the relatively sparse graphs to the
manifold filters and MNNs respectively. Our proposed results
are verified in a model classification problem in Section |V} The
conclusions are presented in Section

II. PRELIMINARIES

We begin by revising the basic concepts of graph signal pro-
cessing, graph neural networks and manifold signal processing,
manifold neural networks.

A. Graph Signal Processing and Graph Neural Networks

Let G be an undirected graph with n nodes. Graph signals
x € R™ are data supported on the nodes of the graph. The edge
weights are given by a weight function with which we can
get the matrix representation or Graph Shift Operator (GSO)
S of graph G (i.e. adjacency matrix, Laplacian matrix) [[11],
[28]]. The graph convolution is defined as the summation of the
iterative graph diffusion process [11], [12]. It can be written
explicitly as the polynomial of the GSO as

K-1
y =hg(S)x = Z hpSFx. 1)
k=0
Considering the case of an undirected graph, the GSO is symmet-
ric and admits an eigenvector decomposition as S = VAVH
with orthogonal eigenvector matrix V € R™*™ and diagonal
eigenvalue matrix A € R™*"™. Suppose the diagonal eigenvalue
entries are ordered as A; < Ao... < \,. By projecting the
graph filter output on the eigenvector matrix, we can write the
spectral representation of the graph convolutional filter, which
is explicitly denoted as
K-1
VHy = VHhg(S)x = Z he APV x = h(A)VIx. (2)
k=1
The frequency response of the graph convolution can be
defined as h(\) = kK:_Ol hiA*, which relates the frequency

components of input and output graph signals point-wisely, with
a full dependence on the filter coefficients {hy};_," and the
eigenvalues of S.

A graph neural network (GNN) is composed of layers of
graph filter banks followed by a nonlinearity function o : R —
R. In the [-th layer of a GNN, the filters produce F; features
x}, which can be written explicitly as

Fi_1

x| =0 Z hgq(S)Xl{l , 3)
g=1

forevery 1 < q < Fj_1, 1 < p < Fj. The number of features in
each layer [ = 1,2..., L is denoted as F;. The graph filter hl(’-;q
is as (T) defined which maps the ¢-th feature in the [ — 1-th layer
to the p-th feature in the [-th layer. To simplify the presentation,
we denote the GNN composed of L layers with (3) as a map
®c(H, S, x), where H includes all the graph filter coefficients
across all the layers.

B. Manifold Signal Processing and Manifold Neural Networks

We consider a d-dimensional compact, smooth and differen-
tiable embedded manifold M € RN with measure y. Manifold
signals are scalar functions supported over M as f: M — R
[16], [[17]]. The local Euclidean space around each point x € M
is called tangent space and the disjoint union of all these tangent
spaces over M is defined as tangent bundle T'M. The Laplace-
Beltrami (LB) operator £ : L?*(M) — L*(M) is defined as
the intrinsic divergence of the intrinsic gradient of the scalar
functions over M, which can be explicitly written as

Lf=—divoVf. “)

Like graph Laplacians [29], this LB operator measures the
difference between the function value at some point and the
average value around this point [9].

Manifold convolution can be defined as the integration of
a heat diffusion process over the manifold [17]. This way of
defining the manifold convolution has been proved consistent
with the graph convolution and standard time convolution [|19]
which enables us to connect graphs and manifolds. With £ :
R* — R denoted the filter impulse function, the manifold
convolutional filter can be written as

o) = [ (e (@)t = n(0) (o)

Considering that the LB operator is self-adjoint and positive-
semidefinite, it has real and positive eigenvalues. Plus the
compactness of M, the LB operator possesses discrete spectrum,
which can be denoted as pairs of eigenvalues and eigenfunctions
{Ai, @; 12, with the order A; < Ay < A3.... By projecting
the output of the manifold convolution onto the eigenfunction
¢;, we can get the spectral representation as

®)

(G = / TR Nl = OOl ©)

where [f]; = S f(@)i(x)du(x) is the frequency component
of function f. Therefore, we can see the filter frequency response



is point-wise on each frequency component which can be
represented as h(A) = [, h(t)e~**dt. With the function can
be represented on the eigenfunction basis as g = > .~ (9],
the spectral representation of the manifold filter is
9="> [dlidi =Y h(\)[flidi.
i=1

i=1

(N

Similar to graph convolutions, the manifold filter frequency
response also fully depends on the filter impulse function and
the eigenvalues of the LB operator.

A manifold neural network (MNN) can be likewise defined
as a the cascading layers of manifold filter banks point-wise
non-linearities o : R — R. The output of the [-th layer can be
explicitly written as

Fi_y

fl@)=0o Z b (L) fiLy (@) )

q=1

®

where fP, 1 < p < Fj is the p-th feature in the [-th layer. The
manifold filter h}? in the I-th layer maps F;_; input features to
F; output features. To be more concise, we denote the MNN as
®(H, L, f) where the function set H includes all the impulse
response functions of the manifold filters h)’? of all layers.

III. SPARSE GRAPH CONSTRUCTION FROM MANIFOLDS

We can access a continuous manifold M by processing a set
of discrete uniformly sampled points from M. By connecting
these sampled points as a graph, we can get an approximation
of the underlying manifold. With the sampled points seen
as the nodes of the graph, the weight values of the edges
connecting the nodes are defined based on the Euclidean distance
between the nodes. Let X be the set of n i.i.d. sampled points
{1, xa,...,2,}. Explicitly, we construct an undirected graph
G,, with points X as nodes and the weight value w;; between
x; and x; defined as

C1dt2 ()
wwiﬁ&d/Q"rlad [0,1] c )

where ||z; — z;|| denotes the Euclidean distance between z;
and z; while o is the unit ball volume in R?. The indicator
function shows that two nodes can only be connected if they
are smaller than /e away from each other. According to the
random geometric graph theory [22], the order of e affects
the average degree of the nodes. That is, if € is in the order
of O((log(n)/n)?/%), the average node degree is O(log(n)),
which falls in a relatively sparse regime. The graph Laplacian
L¢, is defined as L, = diag(A,,1)—A,, [30] with A,,, [A,];; =
w;; standing for the adjacency matrix.

The relationship of graph Laplacian and LB operator can
be quantified in both the operator and spectral aspects. A non-
asymptotic difference bound can be obtained between the graph
Laplacian and the LB operator when they both operate on the
eigenfunctions of the LB operator.

C))

Proposition 1 /31, Theorem 3.3] Suppose that M € RN is
equipped with LB operator L with spectrum {\;, ¢;}52, and the

graph G, sampled from M is equipped with graph Laplacian
L¢, with edge weights set as Q) with ¢ = e(n) > (log(n)/n)?/.
Then with probability at least 1 — 6, it holds that

In (2n/9)
cned+2

Lii(o) — £n(0)] < (ol . 02\@) N
(10)

The constants C1, Co depend on the volume of the manifold.

This point-wise upper bound indicates that when applied to
the eigenfunction ¢;, the difference is related to the number
of sampled points n as well as the corresponding eigenvalue
A;. This is due to the fact that eigenfunctions with higher
eigenvalues change faster and are harder to measure the
differences in high frequency domain [32].

With this operator difference bound, the difference bounds
of the spectrum of graph Laplacian L, and the LB operator £
can also be derived based on Davis-Khan theorem [33]].

Proposition 2 /31| Theorem 2.4, Theorem 2.6] Suppose that
M € RN is equipped with LB operator L with spectrum
{\i, @12, and the graph G,, sampled from M is equipped
with graph Laplacian LS, with edge weights set as () with
e = e(n) > (log(n)/n)?% with the spectrum given by
{X5.0, @5 Yiey. Fix some K € N, then with probability at
least 1 — 2nexp (—cne??*2), we have

ANi = A5l < Crave,  |laids,, — ¢ill < Cra2ve/0, (11)

with a; € {=1,1} for all i < K and 0 the eigengap of L,
ie. 0 = mini<i< g {Ni — Ai—1, \it1 — Ai}. The constants Ci 1,
Ck 2 depend on Ak, d and the volume of M.

We can observe from Proposition [2] that the eigenvalue and
eigenfunction difference bounds can only be given within a
limited spectrum, i.e. A\; < Ag. This is due to the fact that
eigenfunctions oscillate faster in high frequency domain and
are hard to approximate. This indicates that we need to pay
special attention to the high frequency domain when designing
the filters as the graph filters need to converge as well as
discriminate different frequency components.

We note that in the case of Proposition [T] and [] € is in the
order of (log(n)/n)?/¢, which leads to the average node degree
scales with the order log(n). This ensures that our constructed
graphs are relatively sparse when d > 2.

IV. CONVERGENCE OF GNNS ON SPARSE GRAPHS

As we have the definition of manifold convolutional filter
parametric by the LB operator as (3)) shows, we can transfer this
filter structure to the discrete graph Laplacian and approximate
the manifold filter with this newly defined graph filter. This
approximation can be quantified with a non-asymptotic error
bound, which can also be seen as the convergence rate of the
graph filter to the manifold filter. GNN, as a cascading structure
of graph filters and point-wise nonlinearities, can approximate
MNN with the convergence and approximation inherited from
the graph filters.



A. Graph Convolution on Sampled Manifolds

By fixing the filter impulse function % (t) in equation (3) and
replacing the LB operator £ with the discrete graph Laplacian
Ls,, we can write a graph filtering process in a continuous time
domain (instead of the discrete time domain defined in (),
which explicitly is

g :/ h(t)e tnfdt := h(LE)F, g, feR™  (12)
0

We can see this as an integration of the graph shift operations
with the GSO represented as e ~“». The discrete graph signal f
can be obtained by a uniform sampling operator P,, operated on
manifold signal f, ie. f =P, f with f(z;) = f(z;),2; € X.

With the spectrum of L, denoted as {\{,, 5, }7,, the
above graph filter can be reformalized in the spectral domain
by projecting on the eigenvectors as

g= Z h()‘inva ¢§,7L>L2(G71)¢Z§,n' 13)
i=1

Together with (7), the spectral representations of the graph filter
and the manifold filter both depend fully on the spectrum of the
graph Laplacian and the LB operator respectively. Therefore,
the connection between graph filtering and manifold filtering
can be revealed based on the spectral relationship that we have
established in Proposition [2] We first look at the convergence
of graph filters to the manifold filters.

B. Graph Convolution Convergence

Considering that the convergence result in Proposition [2] is
limited within a range of spectrum while the spectrum of the LB
operator is infinite, we need to import a frequency dependent
filter to tackle the intractable frequency components in the high
frequency domain. Weyl’s law [34] reveals that the eigenvalues
of the LB operator tend to accumulate in high frequency domain,
which is explicitly stated as the following lemma.

Lemma 1 /35 Proposition 3] Consider a d-dimensional
manifold M C RN and let L be its LB operator with eigenvalues
{6}, Let C1 be an arbitrary constant and oq the volume
of the d-dimensional unit ball. Let Vol(M) denote the volume
of manifold M. For any o > 0 and d > 2, there exists N1,

Ny = [(ad/Cy)Y C=D(CyVol(M))?/ (=D (14)

such that, for all k > Ny, A1 — A\ < a.

Based on the Weyl’s law, we can implement a spectrum par-
tition strategy as Definition [T] shows. The frequency difference
threshold filter — a-FDT filter defined in Definition 2] can realize
the a-separated spectrum.

Definition 1 /35| Definition 4] (a-separated spectrum) The
a-separated spectrum of the LB operator L is defined as a
partition Ay(o) U ... UAn(c) if it holds that |\; — \j| > «
for N; € Ap(a) and \j € Aj(a), k #1.

Definition 2 /35| Definition 5] (a-FDT filter) The a-frequency
difference threshold (a-FDT) filter is defined as a filter h(L)
whose frequency response satisfies

|h(Ai) — h(A)| < e for all Mg, N € Ap(e)  (15)

with vy, < 7 for some v >0and k=1,...,N.

Furthermore, the filter frequency response function needs to
be Lipschitz continous as addressed in Definition [3]

Definition 3 (Lipschitz filter) A filter is Ap-Lispchitz if its
frequency response is Lipschitz continuous with Lipschitz
constant Ay, i.e.

|h(a) — h(b)| < Apla —b| for all a,b e (0,00).  (16)

Equipped with these concepts and assumptions, the approx-
imation error bound can be derived to measure the output
difference between the graph filters and manifold filters, which
further can attest the convergence of the graph filters to the
manifold filters as presented in Theorem

Theorem 1 (Convergence of graph filters) Suppose that M €
RN is equipped with LB operator L and the graph G,, sampled
Sfrom M is equipped with graph Laplacian L, with edge weights
set as @) with ¢ = e(n) > (log(n)/n)*? Let h(-) be the
convolutional filter and assume the frequency response of filter
h is A, Lipschitz continuous and o-FDT with a?>e€ a>
Cm,aK' 2% and v = C¢ ¢/ Then with probability at least
1 — 2nexp(—Cned*™) it holds that

Ih(Ly,)Py f — Prh(L) fl|r2(q,.)

NC
S <O(K’2 + AhCK,l) \/E"’_ Cgc

logn

A7)

where N is the partition size of a-FDT filter and Cy. is related
with d and the volume of M.

Proof. See Appendix [A] m

The approximation upper bound for the output difference
between graph filters and manifold filters is in the order of
O((log(n)/n)'/®). This attests the convergence of the graph
filters on the relatively sparse graphs sampled from the under-
lying manifold with the convergence rate O((log(n)/n)/?).
Besides this, we can observe that the error bound in grows
with the manifold dimension d, which means that a higher
dimension makes the graph filters harder to approximate the
manifold filters. Moreover, the imported frequency dependent
filters can remove the limitation on the spectrum by setting «
large enough to group all the eigenvalues larger than Ax as one
partition, with a smaller K leading to a larger o. The a-FDT
filter gives similar frequency responses to eigenvalues in the
same group, which can mitigate the divergence of high frequency
components. However, there exists a trade-off for this benefit. If
we fix the number of sampled points n, a larger « (i.e. a smaller
K) leads to a less discriminative filter as more eigenvalues are
supposed to be grouped and treated similarly, which makes the
high frequency components within the same partition cannot



be discriminated. Meanwhile, a larger « leads to a smaller
number of partitions as the number of singletons decrease,
which results in the decrease of the approximation error bound
shown in (T7). The Lipschitz continuity constant of the filters
Ay, affects approximation and discriminability a similar way.
Smaller Lipschitz constants decrease the approximation error
bound, but result in smoother filter functions that can give
similar frequency responses to different eigenvalues even in
different partitions. These indicate that graph filters cannot be
discriminative and approximative to the manifold filters at the
same time. That is to say, the graph filters cannot discriminate
all frequency components well and converge to manifold filters
fast at the same time. In the following we will show that this
trade-off phenomenon can be alleviated by the nonlinearity
functions in GNNs.

C. Convergence of GNNs

As GNNs are cascading structures of graph filters and
nonlinearities, they can inherit the convergence of graph filters
shown in Theorem [I] We first impose an assumption on the
continuity of nonlinearity function as the follows, which is
satisfied by most common nonlinearities (e.g., the ReLU, the
modulus and the sigmoid).

Assumption 1 (Normalized Lipschitz nonlinearity functions)
The nonlinearity function o is normalized Lipschitz continuous,
ie, |o(a) —o(b)| < |a—b|, with (0) = 0.

The approximation error bound or convergence rate of GNNs
can be derived based on the result in Theorem |1} as presented
in the following theorem.

Theorem 2 Suppose that M € RN is equipped with LB
operator L and the graph G, sampled from M is equipped
with graph Laplacian LE, with edge weights set as () with
e = €e(n) > (log(n)/n)?/%. Let ®(H, L, ) be an L-layer MNN
on M @) with Fy = Fr, = 1 input and output features and
F,=F 1=1,2,...,L—1 features per layer and ®(H,L,, )
be the MNN with the same architecture applied on geometric
graph G.,,. The nonlinearity functions satisfy Assumption (I} it
holds that

H(I)(Ha L;v Pn.f) - Pn(I)(H7 ‘C, f)”LQ(Gn)

NC 1
< LFL-! ((;2 + AhCKl) Ve+ Cyer/ Oi”) (18)

with high probability.

Proof. See Appendix [B] m

We now can come to the conclusion that the GNN on
the constructed relatively sparse graphs can converge to the
MNN in the order of O((log(n)/n)*/?). On one side, the
approximation error bound scales with the size of the neural
network architecture, which is due to the error propagation
through the networks. Specifically, the bound grows linearly
with the number of layers L and polynomially with the number
of features F' where the rate is determined by L. On the other

side, the approximation error bound or the convergence result
inherits the trade-off possessed by the graph filters indicated in
Theorem |1} However, the nonlinearity functions in GNN can
mix the spectral components which means the high frequency
components can be shifted to low frequency domain and can
be later discriminated by the filters in the following layer. The
effects of nonlinearity functions have been discussed in neural
networks on graphs and manifold respectively in previous works
[[177]], [36]. The effects brought by the nonlinearities make the
GNN both approximative and discriminative, which lifts the
trade-off inserted by the graph filters.

With the non-asymptotic approximation error bound derived,
the transferability property for GNNs on the relaively sparse
graphs with different size from a common underlying manifold
can be immediately deduced based on the triangle inequality.
This property can attest that a trained GNN on a small graph
can be directly transferred to another different larger graph
sampled from the same manifold as long as they are constructed
with the same manner. Moreover, with the non-asymptotic
result, we can calculate the minimum number of sampled points
needed to satisfy the given approximation error tolerance. The
transferability property is further verified with simulations in
the following section.

V. SIMULATIONS

We verify our proved convergence results on the ModelNet10
[37] classification problem. This dataset includes meshed CAD
models from 10 different categories with 3,991 models for
training and 908 models for testing. We construct graphs
by sampling n points uniformly from the meshed models to
approximate the underlying models as shown in Figure [T] The
goal is to identify the chair models from other models.

Fig. 1: Graphs constructed with 300 sampled points

Learning architectures and experiment settings. We build
the relatively sparse graphs with sampled points seen as
nodes and the weights determined according to (9) with
e = 0.001 as the threshold. The graph Laplacian can be
calculated accordingly. We compare the performances of three
architectures, which includes 2-layer Graph Filters (GF), 2-
layer graph neural networks (GNN) and 2-layer graph neural
networks with Lipschitz continuituous filters (Lipschitz GNN).
Each architecture contains Fy = 3 input features which are
each point’s 3-d coordinates, F1 = 64 and F» = 32 output
features with K = 5 fiter taps. The nonlinearity function is
ReLU in GNN and Lipschitz GNN. We regularize the Lipschitz
continuity in Lipshitz GNN by adding a penalty term 0.3h'()\)



to the loss function which is set as the cross-entropy loss. We
use an ADAM optimizer with the learning-rate as 0.005 and
the forgetting factors 0.9 and 0.999. We train each architecture
for 40 epochs with the batch size set as 10. We average the
estimation error rates by running 5 random dataset partitions.

Convergence verification. We first evaluate the convergence
results by training the architectures on graphs with n =
300, 400, 500, 600, 700, 800, 900 sampled points and comparing
the graph outputs between the trained architectures on graphs
with size n and on a large graph with size 1, 000. The differences
of the graph outputs is shown in Figure [J] where we can observe
the convergence as the size of the trained graph grows. This
proves our statement in Theorem [2] if we see the large enough
graph as a good approximation of the underlying manifold.
We can see that Lipschitz GNN performs better than GNN
as continuous filter functions have better approximation and
smaller convergence rate while GNN outperforms GF with the
nonlinearity employed.

7 —4— Lipschitz GNN
GNN
6 —+ GF
2
=3
S5+
3
(o]
[}
24
=
o
[
g
¢ |
£ |
521
1 | | \]
300 400 500 600 700 800 900

Number of Nodes

Fig. 2: Differences of the outputs of trained Lipschitz GNN,
GNN and GF.

Transferability verification. We further justify the transfer-
ability by testing the trained architectures on a large graph
with 1,000 sampled points. As Figure [] shows, we train
the architectures on graphs with fewer sampled points with
n = 300,500,700,900 (Figure [3a] and fa) and directly
implemented on graphs with a large set of sampled points
(Figure [3b] and Ab). Note that due to the non-scability of the
final linear readout layer, we only retrain the final linear layer
while keeping the graph filter coefficients unchanged. The
classification error rates are presented in Table [I] where we
can observe that the trained architectures still can have good
performances with Lipschitz GNN outperforms GNN while
GNN is better than GF. This verifies that the filter continuity
and nonlinearity can help improve the convergence and the
transferability. Plus the architectures trained on graphs with
more sampled points have better performances on the large
graph. This is because architectures trained on larger graphs
approximate better to manifold filters or MNNs.

i

R

.O
o

(a) Trained graph (b) Tested graph

Fig. 3: Different sampled points on a chair model

o°§:
§e8 ¢

(a) Trained graph (b) Tested graph

Fig. 4: Different sampled points on a chair model

GF GNN Lipschitz GNN
n =300 | 19.83 £5.94 | 7.74 £4.05 7.68 & 3.75
n =500 | 21.97 £4.17 | 10.10 £ 1.40 8.60 £2.95
n =700 | 13.85 +3.81 | 7.45+£4.03 8.02 £2.77
n=900 | 16.62+2.38 | 7.92+3.14 7.44 £ 3.30

TABLE I: Classification error rates (%) for model ‘chair’ when
testing the architectures trained on sparse geometric graphs
with n = 300, 500, 700, 900 to sparse geometric graphs with
n = 1,000. Average over 5 data realizations.

VI. CONCLUSION

In this paper, we implement the definition of manifold
convolutional filters with an integration of Laplace-Beltrami
operator exponentials to process manifold signals. The manifold
model is accessed by a set of i.i.d. uniformly sampled points
over the manifold. We construct a relatively sparse graph to
approximate the underlying manifold. With the approximation
error bounds of discrete graph Laplacians to the LB operator
in the spectral domain, we can prove the graph filter can
approximate the manifold filter with a non-asymptotic error
bound, which also provides the convergence rate of graph
filters to the manifold filters. The approximation error bound
shows a trade-off between the discriminability of the graph
filters and the approximation (or convergence) to the manifold
filters. GNNs made up of graph filters and nonlinearities
can lift this trade-off due to the frequency mixing effects
brought by nonlinearities. We conclude that the GNNs can
therefore both converge to MNNSs and discriminate the frequency
components in high frequency domain well. We further analyze
the transferability property of GNNs which allows a trained
GNN directly implemented on another graph. We finally verify
our convergence and transferability results numerically with a
point-cloud classification problem.
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APPENDIX

A. Proof of Theorem ]|

We first write out the filter representation as

[h(L;) Py f — Prh(L) f]|

< ZB()‘;,nxPnfv E,n>Gn¢§,n_Zﬁ()‘i)<fa ¢Z>MPTL¢’L
=1 =1

19)

We denote the index of partitions that contain a single
eigenvalue as a set Kg (|[Ks] = N;) and the rest as a set
Ko (K| = Ni). We decompose the «-FDT filter function
as h(A) = hON\) + e hO(N) as

h(\) = 32 h(C) A€ [A(@)kex.

h(O)(/\) = 1ELm (20)
otherwise
fE(Cl) A € [Ag(a)kek,
MO =< A\ reAfa) @D
0 otherwise



with C; some constant in A;(«). With the triangle inequality,
we start by analyzing the output difference of h(°)(\) as

i RO ) (P Z RO (A
i=1

> (KO0 = hO00)) (Puf, 8 ),

=1

nfa znG¢

<

P.f, ¢z€',n>Gn (b’f,n - <f7 ¢1>MPn¢z)

(22)

The first term in (22)) can be bounded by leveraging the
Ap-Lipschitz continuity of the frequency response. From the
eigenvalue difference in Proposition [2, we can claim that for
each eigenvalue \; < A\g, we have

A, — il < Crave (23)
The square of the first term is bounded as
o 2
Z h(O) /\6 h(O)( ’L))< nf7 ¢E,n>Gn¢z€',n
i=1
< IR0 = RO PP ¢ e, P 24
i=1
< = Aif*[[P fI|* < ARCK s (25)

AR
1

1=

The second term in (22)) can be bounded combined with the
convergence of eigenfunctions in (27) as

SO ((Puf. ¢5,)
=1
- <Pnf7 ¢§,n>GnPn¢i>

G, ¢:,n - <fa ¢z>MPn¢z)

o0

< |32 000 (ot ¢t )e. 6.0

i=1

+{ID_ RO N) (Puf. 9 ) e, Pt — (£, $i)sPrehi)
- (26)
From the convergence stated in Theorem [2] we have
laid;,, — ¢ill < Cr2Ve/b, 27

with the eigengap 6 > « under the o-FDT filter. Therefore, the
first term in can be bounded as

o0

S hON) (Puf. i) e, bl

i=1

N
<> P fll65,, — Pugill < N “f (28)
=1

The last equation comes from the definition of norm in L?(G,,).

f (z)z MPnd)z

The second term in (26) can be written as

oo

S RO (P f. 85,0) G, Padi — (f. ¢i) mPrhi)

=1
< OO Pot. Gl = {f: )] [Pl
= (29)

Because {x1,22, -+ ,x,} is a set of uniform sampled points
from M, based on Theorem 19 in [38]] we can claim that

1
(P f, ;,n>c;n<f,<z>i>M|0<\/ °i”> (30)

Taking into consider the boundedness of frequency response
|h(®(X\)| < 1 and the bounded energy || P, ¢;||. Therefore, we

have
:O< /10gn> .
n

iﬁ()\

Combining the above results, we can bound the output
difference of h(?). Then we need to analyze the output difference
of R (\) and bound this as

HP n® (L) f — h®O(LE)P
‘ C'l +"/) nf_
where h()(£) and h)(L¢) are filters with filter function

hR((X\) on the LB operator £ and graph Laplacian L¢ re-
spectively. Combining the filter functions, we can write

&l

( ( l)_’y)Pnf

| <29IPusll,
(€19

[Pnh(L)f —h(L;,)P, f|
VL) f+P, > WL f
ek,
hO(Le)Pf — Y h”(L;)Pf‘ (32)
ek,

<[P, (L) f — b (L) P, ||+

> P.h (L) f —h D (L)PLf] (33)

e,

log(n)

< ApCrave+ NoCrove+ Ny + Cye

[Ih(L;,) Py f — Prh(L) f]|

NC 1
( aK’Q +AhCK,1> Ve + Cyer/ Orgln (34)

<




B. Proof of Theorem Insert this conclusion back to solve the recursion, we can get

-1 Fo
Ky = Puff| < 1Cper (H Fl> Dol @3

To bound the output difference of MNNs, we need to write
in the form of features of the final layer ‘

=1 q=1
Fr,
|®(H,LE, P, f) — Po@(H, L, f))|| = anL ZPnfL Replace [ with L we can obtain
o= 0= |®(H, Ly, nf) P, @(H, L, f))|

Pl 69 < Z <LC,,€, (H Fl> ) ||xQ|> (44)

I'=1

By inserting the definitions, we have With Fy = F, = 1 and F, = F for 1 <1 < L — 1, then we
‘ X, — PnflpH have
Fis P |®H, LS, P, f) — P, ®(H, L, f)) < LFL ' Cperr,  (45)
=|° 21 h?q@mxi,zq —Pno Zl hi* (L) fiLy H which concludes the proof.
q= a=

with x, 0 = P, f as the input of the first layer. With a
normalized point-wise Lipschitz nonlinearity, we have

Fi_4 Fi_1
<, = PoflIl < || D by (Ls)xt, , — Py thq )l
g=1
(37)
Fia
<> |mr@oxt, - P |
qg=1
(38)

The difference can be further decomposed as
by (L,)x5 . — Pubi® (L) fil 4]
< ”hpq(Le) Xpl—1— hfq(L;)Pnflq_1
+ hpq(LE) nfzfl - Pnhfq(c)fqum (39)

< [mproxd oy - Pl |

+ [0 (L5 P Sy — Pab{? (L) 4] 40)
The second term can be bounded with in Theorem [T} The
first term can be decomposed by Cauchy-Schwartz inequality
and non-amplifying of the filter functions as

F171 Fl—l
[t =Pt < 3 Coerlixt ol + D Ik =Pyl
q=1 qg=1

(41)

where ()., representing the constant in the error bound of
manifold filters in (I7). To solve this recursion, we need to
compute the bound for ||x7||. By normalized Lipschitz continuity
of o and the fact that ¢(0) = 0, we can get

Fia Fia

[ESAIS Zh”q (Lo)x( 4 <Z||hpq DI

i1

-1
< Z Ix < 1 FwZqull 42)

I’'=1 q=1
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